We study the spreading along an infinite tight-binding chain, and the relaxation within a finite ring (chain with periodic boundary conditions). Specifically we address the interplay of coherent and stochastic transitions within the framework of an Ohmic master equation, which leads to a non-monotonic dependence of the current on the bias. With added disorder it becomes the quantum version of the Sinai-Derrida-Hatano-Nelson model, which features sliding and delocalization transitions. We highlight counter-intuitive enhancement of disorder due to coherent hopping.
The spreading of a particle along a tight-binding chain, and the relaxation in a finite segment are central themes in statistical and quantum mechanics. Here we would like to address the interplay of coherent and stochastic transitions. It is quite surprising that this fundamental problem has not been addressed in the literature, through closely related versions of it were in the focus of the Physics literature throughout the last century [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Most recently the basic question has surfaced again in the context of photo-synthesis [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] In our model we have two major parameters: the hopping frequency (c) that controls the coherent hopping; and the fluctuations intensity (ν) that controls the stochastic transitions. At finite temperature T there is also a dissipation coefficient η = ν/(2T ) that is responsible for the asymmetry of the stochastic transitions. On top we might have bias (E), on-site fluctuations (γ), and different types of disorder. The dynamics is described by a master equation for the probability matrix
where the dissipators L (B) ∝ ν and L (S) ∝ γ are due to the interaction with the environment. They are responsible for the stochastic aspect of the dynamics. The Hamiltonian H (c) = U (x) − c cos(p) generates the coherent hopping, where U (x) is the on-site potential, and p is the momentum operator. The unit of length is the site spacing (x is integer), and E x ≡ − (U (x+1) − U (x)).
In the absence of stochastic terms, coherent transport in ordered chain is ballistic (without bias) and exhibits Bloch-oscillations (with bias). In disordered chain the spreading is suppressed due to Anderson-localization. The effect of noise and dissipation on coherent transport due to L (S) has been extensively studied. In the Caldeira-Leggett model [21, 22] the interaction is with homogeneous fluctuating environment, leading to Brownian motion with Gaussian spreading. If the interaction is with non-homogeneous fluctuating environment (short spatial correlation scale) the spreading is the sum of a decaying coherent Gaussian and a scattered Stochastic Gaussian [23] . The tight binding version of this model has been studied [24] too. It has been found that the decoherence and the classical-like stochastic evolution are dictated by different bands of the L spectrum that correspond, respectively, to the (1/T 2 ) and (1/T 1 ) rates in NMR studies of two-level dynamics.
In the other extreme of purely stochastic dynamics, ignoring quantum effects, the disordered model, aka random walk in random environment, has been extensively studied by Sinai, Derrida, and followers [25] [26] [27] [28] [29] [30] [31] . Without bias the spreading becomes sub-diffusive, while above some critical bias the drift-velocity becomes finite, aka sliding transition. Strongly related is the transition from over-damped to under-damped relaxation that has been studied for a finite-size ring geometry [32, 33] . The latter involves delocalization transition that has been highlighted for non-hermitian Hamiltonians in the works of Hattano, Nelson and followers [34] [35] [36] [37] [38] [39] [40] [41] .
One should realize that the two extreme limits of coherent and stochastic spreading have to be bridged within the framework of a model that includes an L (B) term, not just an L (S) term. Furthermore, a proper modeling requires the distinction between two types of Master equations. In one extreme we have the Pauli version. Traditionally this version is justified by the secular approximation that assumes weak system-bath interaction. In the other extreme we have the Ohmic version that assumes short correlation time. The so called "singular coupling limit" can be regarded as an optional way to formalize the short correlation time assumption [42] . Clearly in the mesoscopic context it is more appropriate to adopt the Ohmic version, and regard the Pauli version of the dissipator as a formal approximation. The advantage of the latter is its technical simplicity: the Pauli dissipator does not couple the (1/T 2 )-type decoherence and the (1/T 1 )-type relaxation dynamics. But this simplicity has a price: important ingredients of the problem are lost, and some physical effects are missed.
Outline.-The model is presented in terms of an Ohmic master equation. The interest is in the diffusion coefficient D, the E-induced drift velocity v, the implied non equilibrium steady state (NESS) current I, and the relaxation spectrum. The latter is determined via Lρ = −λρ. Numerical findings are presented in Fig.1 and Fig.2 . For the purpose of analytical treatment we first consider the simplified Pauli perspective, similar to that of [24] . Then we turn to the full Ohmic analysis. Symbols are based on numerical determination of the NESS for a ring of L=500 sites. We display 10 independent realizations of the disorder for each value of disorder strength σE , while c=10 is kept the same. (b) The average NESS current as a function of σE for E=2. In the c=10 case also for E=8.
The model.-The isolated chain is described by the H (c) Hamiltonian. The field E x might be nonuniform. For the average value of the field we maintain the notation E, while the random component is distributed within [−σ E , σ E ]. We regard each pair of neighboring sites as a two-level system [S1]. Accordingly we distinguish between two types of terms in the master equation: those that originate from temporal fluctuations of the potential (dephasing due to noisy detuning), and those that are responsible to stochastic transition between the sites (incoherent hopping). The latter are implied by the replacement (c/2) → (c/2) + f (t) at the pertinent bonds, where f (t) is a bath operator that is characterized by fluctuation intensity ν, and temperature T . Hence the system bath coupling term is
The baths of different bonds are uncorrelated, accordingly the bond-related dissipator takes the form
where
, and η = ν/(2T ) is the dissipation coefficient. If we want to ensure positivity in the Lindblad sense, the minimal correction is to couple V to an extra noise source of intensity ν η = ν/(4T ) 2 . A Pauli-type expression is obtained if we drop some of the terms in Eq. (2) . Namely,
where w ± = [ν ± ηE] are the transition rates between sites, in agreement with Fermi-golden-rule (FGR).
The model of [24] combines Hamiltonian term with Pauli-type dissipator of the L (S) type. Such L (S,Pauli) dissipator leads to off-diagonal dephasing that is generated by P x ρP x terms, where P x = |x x|, and therefore excludes the possibility for inter-site stochastic transitions. Both L (S,Pauli) and L (B,Pauli) lack the dissipative coupling between populations and off-diagonal coherences.
Ring configuration.-For numerical treatment, and for the purpose of studying relaxation dynamics, we close the chain into a ring. This means to impose periodic boundary conditions. With uniform field E, one en-counter a huge potential drop at the boundary. To avoid this complication we assume that the boundary bond has infinite temperature, hence the formation of a stochastic barrier is avoided, and the circulation of the stochastic field (aka affinity) becomes E/T as desired. In the analytical treatment of a clean ring we assume that ν, and η and E in the master equation are all uniform, such that invariance under translation is regained. This cheat is valid for large ring if ρ is banded, reflecting a finite spatial correlation scale. See numerical verification in [S2].
Pauli perspective.-For a uniform clean ring without coherent hopping, the dynamics of the on-site probabilities p x ≡ ρ x,x decouples from the decay of the offdiagonal terms, see Eq. (3). We get two distinct sets of modes: the classical relaxation modes and the offdiagonal decoherence modes. The latter are degenerate because all the off-diagonal terms decay with the same rate γ 0 = w + + w − + γ, where γ stands for optional extra off-diagonal decoherence due to on-site fluctuations. The stochastic transitions affect only the classical relaxation modes. An evolving wavepacket [S3] will decompose into coherent decaying component that is suppressed by factor e −γ0t , and an emerging stochastic component that drifts with velocity v = (w + − w − ) and diffused with coefficient D = (w + + w − )/2. With coherent hoping the dynamics along the diagonal becomes coupled with the decoherence. We get modes that are distinguished by their Bloch momentum q and by a band index s. With Eq.(3) the conclusion would be that all the |s| > 0 bands are gaped, representing the transient decoherence process, while the s=0 band corresponds to the classical relaxation modes. The explicit expression for the s=0 eigenvalues is found using the procedure of [24] . The leading order expression in E is simple [S4]:
where γ q = γ + w + e −iq + w − e iq . From the expansion we can deduce the drift velocity and the diffusion coefficient:
The second term in D is a Drude-type expression 2 /τ , with relaxation time τ = 1/γ 0 and mean free path ∼ cτ . It is important to realize that the D of Eq. (7) is not affected by the field E. This is obviously wrong: for strong field the unperturbed eigenstates are Bloch sitelocalized; and the noise induces FGR transitions between the sites. The matrix element for those transitions is (c/E) 2 , hence the diffusion coefficient should reflect hopping-type transport with coefficient (c/E) 2 ν. We shall see that the proper treatment will provide an interpolation between those two extremes of Drude-type and hopping-type transport.
Ohmic perspective.-For a clean system, the generator of the Ohmic master equation can be written as a sum of several terms [S5]:
Each term is a super-matrix that operates on a state whose standard representation is ρ x (r) ≡ x|ρ|x + r . We also use the notation p x ≡ ρ x (0) for the on-site probabilities. The Pauli terms can induce only x±1 transitions along r=0. Therefore, in the absence of coherent hopping, the Pauli-based equation reduces to a stochastic rate equation for the probabilities p x . The additional non-Pauli terms allow extra x±2 transitions within the strip |r| = 0, 1, 2. The coherent hopping that is generated by L (c) couples ρ x (r) to ρ x (r±1) and to ρ x+1 (r±1). Consequently the p x dynamics become coupled to the off-diagonal terms.
For a clean ring the super-matrix L is invariant under x-translations, and therefore we can switch to a Fourier basis where the representation is ρ(r; q). Due to Bloch theorem the matrix decompose into q-blocks in this basis. Thus in order to find the eigenmodes we merely have to find the eigenstates of a one dimensional tight binding r lattice. In this representation
For the ν induced stochastic transitions we have
where the last term is non-Pauli. The other non-Pauli terms [S5] depend on η. At finite temperature (η>0) they introduce extra couplings between |r| ≤ 2 elements. The eigenmodes.-A representative spectrum of a clean ring is provided in Fig.2a . For infinite temperature (η=0), the eigenvalues of the q=0 block are
For q=0 the c-dependent elements are zero, and the only coupling is due to the non-Pauli term in Eq. (9), leading to the |± decoherence modes. Those can become over-damped as in the case of a 2 site system. Otherwise we obtain essentially the same results as with Paulidissipator. Considering the q dependence of the eigenvalues we get several bands. Our interest below is in the relaxation modes that are associated with λ q,0 , and determine the long time spreading. At finite temperature (η > 0) there are extra couplings that leads to a modified NESS. In leading order the NESS eigenstate is |0 + α 0 |1 + α * 0 |−1 with
Reverting back to the standard representation we get
From this we can deduce both the steady state momentum distribution and the NESS current [S5]. For E = 0 the momentum distribution is consistent with the canonical expectation exp(−βH) to linear order in β = 1/T . Current.-For non-zero field (E = 0) the NESS momentum distribution is shifted. The expression for the current operator is complicated [S2], but the net NESS current comes out a simple sum of stochastic and coherent terms:
In contrast with the stochastic case, the drift current might be non-monotonic in E, see Fig.1a . Consequently a counter intuitive convex property in implied: a nonhomogeneous field (say due to disorder), with average bias E, might have a larger NESS current. See Fig. 1a and additional examples in [S6].
Diffusion.-An optional way to derive Eq.(70) is to expand λ q,0 in q as in Eq. (5), to obtain v. The second order term gives the diffusion coefficient. It is therefore enough to determine λ q,0 via second order perturbation theory with respect to the q=0 eigenstates. To first order in η, a lengthy calculation leads to result that is consistent with the Einstein relation, namely v/D = E/T . The second order correction in η is discussed in [S5] .
Disordered ring.-The so called stochastic field E x /T is responsible for the asymmetry of the incoherent transitions. Following Sinai we assume that it has a random component that is (say) box-distributed. From the works of Sinai and Derrida [26] [27] [28] we expect a sliding transition as E/T exceeds a critical value of order (σ E /T ) 2 . Strongly related is the delocalization transition [32, 34-36, 39, 40] for which the critical value is smaller by a numerical factor. Disregarding this factor we expect
In the purely stochastic model, for E > E c the relaxation is expected to be under-damped due to a delocalization transition that leads to the appearance of complex eigenvalues at the vicinity of λ = 0.
The question arises how this transition is affected by quantum coherent hopping. The naive expectation would be to witness a smaller tendency for localization because we add coherent bypass that enhances the transport. But surprisingly the numerical results of Fig.2b show that the effect goes in the opposite direction: for non-zero c eigenvalues become real, indicating stronger effective disorder.
On the basis of the clean-ring analysis it makes sense to exclude the couplings to the high |r| ≥ 2 modes. We verify that this does not change the qualitative picture in Fig.2b : see green vs red symbols. The effect of the |r| = 1 band is to introduce virtual coherent transitions between diagonal elements [S7]. Hence we end up with an effective single-band equation with transition rates
The extra disorder ν x is hermitian, and implies non-zero σ 2 ⊥ ≡ Var(w x ) ∝ c 2 . This is known as resistor network (RN) disorder and should be distinguished from the Sinai disorder σ 2 ≡ Var(Ẽ x ). The latter translates after gauge to diagonal disorder. The procedure to handle both types of disorder has been discussed in [32] following [35] . One defines an RN matrix by settingẼ x = 0, that has a real spectrum characterized by inverse localization length with dominant RN-type contribution κ(λ) ∝ σ 2 ⊥ λ that does not depend on the temperature. Adding back the field E x , the eigenstates remain localized (with real eigenvlues) only in regions where localization is strong enough, namely, κ(λ) > E/T . Estimating σ ⊥ , see [S7] for an explicit expression, we deduce that the additional RN disorder is responsible for the observed numerical result.
Summary.-We have shown that the proper analysis of the full quantum stochastic spreading problem within the Ohmic framework leads to several interesting observations: (1) The NESS current is the sum of stochastic and quasi-coherent terms; (2) It displays nonmonotonic dependence on the bias, as shown in Fig. 1 , due to crossover from Drude-type to hopping-type transport; (3) Disorder may increase the current due to convex property; (4) The interplay of stochastic and coherent transition is reflected in the relaxation spectrum; (5) In the presence of disorder the quasi-coherent transitions enhance the localization of the relaxation modes. Some of our results might be relevant to studies of optimal transport efficiency [R1, R2] and the quantum Goldilocks effect [R3] . in [5] , for the idea that natural selection tends to drive quantum systems to the degree of optimal quantum coherence for transport. Consider a two site system with Hamiltonian H 0 and an Ohmic bath of temperature T that induces a fluctuating force f (t) of intensity ν, and system-bath interaction term −W f (t). The master equation acquire a dissipation term
where V = i[H 0 , W ], and η = ν/(2T ). An extra noise sourcef (t)V can be added in order to make the right hand side "positive" in the Lindblad sense:
The "minimal correction" that is needed is to set ν η = ν/(4T ) 2 , and then the expression can be written in the Lindblad form
where the Lamb-shift term H LS can be absorbed into the system Hamiltonian. For two site system with
and coupling W = σ x /2, one has V = Eσ y , and the Lamb-shift is zero. The Lindblad generator is
The transition rates between the sites are:
A secular-like (Pauli) version of the dissipator is obtained by expanding F ρF † and keeping only the Lindblad terms with F + = σ + and F − = σ − . Namely,
where the last term represents excess noise due to noisy detuning (see below). The mixed terms that have been omitted affect only the decoherence of the off-diagonal terms, and not the rate of transitions between sites. In the Blochvector representation the precessing component of the "spin" decays only in the y direction in the Ohmic version, and isotropically in the Pauli version. In some sense the dissipation in the Pauli version assumes two independent baths at each bond. If we assume that the detuning E is fluctuating with intensity ν γ = (γ/2), so that (E/2) → (E/2) + f (t), then an additional L term appears, that has the form of Eq.(19) with the substitution W := σ z , and V := −cσ y .
====== [2] Ohmic dissipator for a chain
The Hamiltonian of the chain is
where D = x D x is the displacement operator, and D x = |x + 1 x|. In general the field E x = − (U (x+1) − U (x)), as well as the hopping frequencies (c), and temperatures might be non-uniform. The interaction with a bath-source that induces non-coherent transitions at a given bond is obtained by the replacement (c/2) → (c/2) + f (t). The baths of different bonds are uncorrelated. Accordingly the dissipation term in the Master equation takes the form
where the coupling to the baths is via the operators
And the Lindblad correction term:
with intensity ν η = ν/(4T ) 2 . Such term has negligible effect in the high temperature regime (η < 1). Optionally we can add terms that reflect fluctuations of the field. At a given bond it is obtained by the replacement U (x) → U (x) +f (t), wheref (t) represents fluctuations of intensity ν γ . The implied coupling operators are
The Pauli version is obtained as in the main text,
where w ± = [ν ± ηE] are the transition rates, and γ is the so-called pure-dephasing rate. In [24] the analysis has assumed Pauli dissipator and zero bias, hence no η terms have appeared, and the rates were symmetric (w + = w − ).
====== [3] Expression for the current
For generality of the treatment we allow the temperature to be bond dependent, then η → η x so that the Lindblad generators are F x = W x + i(η x /2ν)V x , and
The time dependence of an expectation value is given by the adjoint equation:
Partitioning the system at the n-th bond, the current flowing from left to right is defined by I =˙ Q , with
We note that although the original Hamiltonian allows only near-neighbor hopping, the master equation allows also "double hopping" due to the V terms. Accordingly the expression for the current operator has several non-trivial terms. Applying Eq.(38) the current is:
I
(1)
where the extra I η 2 terms are of order η 2 , and are negligible for the NESS current. If the field E is non-uniform, then one needs to make the replacement η n E → η n E n . Disregarding I η 2 the distinct elements of the current are coherent hopping, stochastic hopping and stochastic-assisted coherent hopping. These are pictured in Fig.S1 .
Current in disordered system.-In Fig.S2 we display results for the NESS current, calculated for a disordered sample. If the spatial correlation scale of the disorder is large, the ring can be regarded as composed of several segments connected in series. Then the analytical estimate for the current would be
which reduce to I = (1/L)v(E) for a uniform field. The function v(E) is provided by Eq.(6), and the above analytical estimate implies what we call convex property. Using this formula we can explain why disorder can lead to increase of the current as in Fig.1 . The accuracy of this formula, that assumes a large spatial correlation scale, is tested against the correlation scale in Fig.S2 .
FIG. S1.
Diagrammatic representation of the terms that contributes to the total current that flows via a section that is indicated by a vertical dashed line, here via the bond that connects sites x=1 and x=2. Straight lines denotes the role played by the stochastic transitions, while semi-circle segments are related to coherent hopping. The latter are of the form cηxρx(1). 
====== [4] Spreading
Without coherent hopping the dynamics of the on-site probabilities p x decouples from the decay of the off-diagonal terms. We get two distinct sets of modes: the classical relaxation modes and the off-diagonal decoherence modes. The latter are degenerate because all the off-diagonal terms decay with the same rate γ 0 . The stochastic transitions affect only the classical relaxation modes. Starting with a wavepacket of variance Var(R) = σ 2 0 , and momentum centered around k 0 , we get in the Wigner representation
with drift velocity v = (w + − w − ) and diffusion coefficient D = (w + + w − )/2. Adding coherent hoping, the dynamics along the diagonal becomes coupled to the coherences. In the Bloch representation (see main text), the explicit form of the Lindblad operator of the q block is:
with γ q = w + e −iq + w − e iq + γ. Diagonlizing L, We get modes that are distinguished by their Bloch momentum q and by a band index s. The r coordinate is cyclic, and the phases exp(±iq/2) can be gauged to some distant r. L is then like a tight-binding model with a barrier, the lowest eigenmodes of which are decaying exponents ψ(r) ∼ exp(−α|r|), with Re(α) > 0. These modes belong to the s = 0 band, and corresponds to the classical relaxation modes. Matching the boundary conditions at r = 0, we find the eigenvalues −λ q,s , as given in Eq. (5) . From the latter we can derive expressions for v and for D.
====== [5] Bloch representation of the Ohmic master equation
For a clean system, and neglecting the η 2 contribution, the generator of the master equation is written as a sum of several terms. Here we shall provide explicit expressions of the q block of the super-matrix in the Bloch representation:
We define operators R = r |r r r| (52)
After gauge transformation |r → e −iqr/2 |r we obtain 
Note that this expression is not 2π periodic, since we ignore the accumulated phase which arise in the gauge procedure.
====== [6] Eigenmodes of the Ohmic master equation
Infinite temperature eigen-modes.-For infinite temperature (η = 0), the eigenvalues of the q = 0 block are:
λ q=0,± = 2ν ± ν 2 − E 2 (60) λ q=0,s = 2ν + iEs, (s = ±2, ±3, ...)
Considering the q dependence of the eigenvalues we get several bands. Our interest below is in the lowest band (λ q,s=0 ), which determines the long time spreading. For this calculation one needs the eigen-modes corresponding to the above eigenvalues. These are given by: |λ q=0,s = |r = s , (s = 0, ±2, ±3, ...)
|λ q=0,± ≡ |± = α ± |1 + |−1 (unnormalized) (63)
NESS at finite temperature.-We can find the NESS, which is the zero mode |λ 0,0 = 0 , and calculate from it both the momentum distribution and the current. Setting q = 0, and considering linear order in η, the NESS is obtained by first order perturbation for the |λ q=0,0 = |r = 0 state. See Fig. S3 . Putting V ≡ ηcL (c) as the perturbation, one get:
where the left eigenvectors are given by:
Reverting back from the Bloch basis of ρ(r; q) to the position basis, namely |r; q := L − 1 2
x |x x + r|e iqx , the normalized steady state matrix ρ is:
The momentum distribution.-Using Eq.(68) we obtain the steady state momentum distribution:
For E = 0, the momentum distribution is canonical, see Fig. S4 . The above result is indeed consistent with the canonical distribution to linear order in β = 1/T . The drift velocity can be deduced by calculating the NESS current using Eq.(41). The current over the bond n, to first order in η is:
